Poplial Deivakives

Definition
. . g s e partial derivatives of a variable function f(x, y) are the functions
o The partial derivat f a two-variable function f
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Suppose that f is a differentiable function of @ and y, and
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(a) Use the table of values to compute g,(1,1).
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(b) If g¢(0, —1) = 3 and f(3,1) = 2, use the table of values to compute f,(3,1).
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Let
o f differentiable function at (a, b)
@ u = (u, up) unit vector /U-

(9 o)

Then the directional derivative of f
in the direction of u at (a, b) is
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We can express this change as the difference quotient
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@Consader the curve f(z,y) = x* — y*. Compute the rate of change in f at the point (3, 2) in the
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Properties of the the gradient vector
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Remark: If # is the angle between Vf and u, then holds \J/5
Dyf =VFf-u Dyf = |VF| cos().
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The formula above implies:

» The function f increases the most rapidly when u is in the
direction of VFf, that is, # = 0. The maximum increase rate of
fis |V

» The magnitude of the Vf vector is equal to the
largest rate of change.

Make a change of variable that transforms the quadratic form

Q(x) = z? — 8xyzy — 5zl

into a quadratic form with no cross-product term.
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Figure 2: A convex function f(z)
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Convexity: First-order condition

A real-valued differentiable function.is convex iff
fly) = £(x)+ VF(x)T(y —x),
for all x, y € R".

@ The function is globally above the tangent at y.

@ Show that any stationary point is a global minimum.
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Convexity: Second-order condition

A real-valued twice-differentiablée function is convex iff

V2f(x) = 0
NN~

for all x € R*: & Hession J

o The function is flat or curved upwards in every direction.
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minimize f(x)

subject to: x €R"
v

First Order Necessary Conditions

If x* is a local minimizer of f(x) and f(x) is continuously differentiable in
an open neighbourhood of x*, then

Vi(x') =0

That is, f(x) is stationary at x*
4

Second Order Necessary Conditions

If x* is a local minimizer of f(x) and V2f(x) is continuously differentiable Neccess

net

in an open neighbourhood of x*, then
VF(x*)=0 /
V2f(x*) is positive semi definite
(x) is p He) > O
Second Order Sufficient Conditions

Suppose that V?f(x) is continuously differentiable in an open

neighbourhood of x*. If the following two conditions are satisfied, then x* “t fleLcess
bet sffetec
VFi(x*)=0 ab‘

is a local minimum of f(x).

V2f(x*) is positive definite
d
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